Geometrical moiré patterns, generic for almost aligned bilayers of two-dimensional (2D) crystals with similar lattice structure but slightly different lattice constants, lead to zone folding and miniband formation for electronic states. Here, we show that moiré superlattice (mSL) effects in MoSe2/WS2 and MoTe2/MoSe2 heterobilayers that feature alignment of the band edges are enhanced by resonant interlayer hybridization, and anticipate similar features in twisted homobilayers of TMDs, including examples of narrow minibands close to the actual band edges. Such hybridization determines the optical activity of interlayer excitons in transition-metal dichalcogenide (TMD) heterostructures, as well as energy shifts in the exciton spectrum. We show that the resonantly hybridized exciton (hX) energy should display a sharp modulation as a function of the interlayer twist angle, accompanied by additional spectral features caused by umklapp electron-photon interactions with the mSL. We analyze the appearance of resonantly enhanced mSL features in absorption and emission of light by the interlayer exciton hybridization with both intralayer A and B excitons in MoSe2/WS2, MoTe2/MoSe2, MoSe2/MoS2, WS2/MoS2, and WSe2/MoSe2.
I. INTRODUCTION
Van der Waals (vdW) heterostructures consist of layers of atomically-thin two-dimensional (2D) crystals, vertically stacked and held together by vdW forces 1, 2 . The weak vdW interlayer bonding lifts the usual latticematching restrictions, allowing the formation of stable, high-quality heterostructures of incommensurate 2D crystals, both aligned and with an arbitrary mutual orientation. This has been demonstrated by recent experiments with graphene on boron nitride [3] [4] [5] , where moiré superlattice minibands have been observed in scanning tunneling microscopy 6, 7 , magnetotransport 8 , capacitance 9 and infrared spectroscopy 10 measurements. Of particular interest for optoelectronics are vdW heterostructures of various transition-metal dichalcogenides (TMDs) [11] [12] [13] [14] [15] [16] , due to the gapped nature of these semiconducting 2D materials, which have a direct band gap in the monolayer form 17, 18 , strong coupling to light 19 , and valleydependent optical selection rules [20] [21] [22] . When combined into bilayers, the pair of 2D crystals acquires the band alignment shown in Fig. 1 . The nearly identical lattice constants of TMDs with hexagonal lattices leads to the appearance of moiré patterns 16, 23 , which have long periods in the case of almost aligned heterostructures. The resulting moiré superlattice (mSL) can generate flat minibands with high densities of states, potentially interesting from the point of view of strongly correlated states in TMD heterobilayers 24 , analogous to recent observations in twisted bilayer graphene 25 . It also has potential to modify the excitonic spectrum and change selection rules for optical transitions, due to electron-photon umklapp processes involving mSL reciprocal lattice vectors.
In this paper we study the interplay between relative • ) orientation of the two crystals. Basis Bravais vectors for each layer are indicated asân andâ n . Transition-metal atoms are shown in gray and blue, and chalcogens in orange and red. Center: Band alignment and atomic arrangement for the almost anti-parallel (AP, θ ≈ 60
• ) heterobilayer. Bottom: Hexagonal Brillouin zones of the two crystals (BZ and BZ ), where the band edges appear at the Brillouin zone corners K and K . Interlayer hybridization produces electron Bragg scattering from the moiré superlattice, illustrated in the left sketch. This leads to band folding, and the formation of the superlattice mini Brillouin zone (mBZ) on the right.
interlayer orientation and band alignment in TMD heterobilayers and twisted homobilayers; in particular, in the regime of resonant interlayer hybridization. Based on the TMD work function data and band alignments available in the literature [26] [27] [28] , we choose to focus this study on mSLs in heterobilayers formed by TMD layers with nearly degenerate carrier bands: MoSe 2 /WS 2 and MoTe 2 /MoSe 2 , which feature almost exact band alignment in undoped structures, and also on twisted homobilayers of TMDs, such as MoSe 2 . We study the dependence of hybridization and moiré effects on the misalignment angle θ of the 2D crystals in such heterostructures, and find that, while superlattice effects are weak for arbitrary angles, they become dominant for close interlayer alignment near θ = 0 and θ = 60
• (Fig. 1) , producing narrow minibands near the actual band edges. We argue that, analogously to the case of twisted bilayer graphene 29 , these systems are highly nonperturbative, and their description must explicitly consider hybridization effects, rendering recent theoretical approaches based on harmonic moiré potentials 24, [30] [31] [32] while applicable to heterobilayers with non-resonant band edges-unsuitable to describe this class of TMD heterostructures.
Also, we study the interplay between resonant hybridization of intra-and interlayer excitons and moiré superlattices in MoSe 2 /WS 2 and MoTe 2 /MoSe 2 heterobilayers, leading to the formation of hybridized excitons (hX) containing strongly mixed electron or hole states involved in the formation of intralayer (X) and interlayer (IX) excitons. Our estimates for the X and IX binding energies indicate that the weaker binding of the latter, due to the additional electron and hole out-of-plane separation, can significantly enhance the resonant condition between the two exciton species. We show that the optical spectra of hXs are dominated by their bright intralayer exciton component, resulting in identical selection rules as intralayer excitons in monolayer TMDs, in stark contrast to earlier predictions for IXs in non-resonant TMD heterostructures 31, 33 . We present an analysis of the optical spectra of both resonant and non-resonant heterobilayers, compared in Fig. 2 . In the former case, we find that the energy and state composition of opticallyactive hybridized excitons varies sharply with interlayer orientation, producing a strong modulation of the corresponding absorption signatures with twist angle, marked with green arrows in Fig. 2 . For closely aligned resonant heterobilayers, the optical spectrum also displays a bright absorption line at higher energies enabled by moiré umklapp processes (white arrows in Fig. 2 ), which fold finitemomentum exciton states onto zero momentum, allowing them to acquire a finite oscillator strength and providing direct experimental evidence for mSL minibands for the excitons in the system. These signatures are absent in closely aligned non-resonant heterobilayers, where the low-energy optical features correspond to IXs (red arrows in Fig. 2 ) that only mix weakly with the bright intralayer exciton states. Finally, we show that hXs are sensitive to FIG. 2. Comparison between the low-energy absorption spectra (in arbitrary units) of TMD heterobilayers with resonant (MoSe2/WS2, left) and non-resonant (MoSe2/MoS2, right) conduction-band edges, as function of the interlayer twist angle. In MoSe2/WS2, hybridized excitons form near perfect alignment (θ = 0
• ) and anti-alignment (θ = 60 • ), leading to the avoided crossings marked with green arrows. The white arrows point to absorption lines enabled by moiré umklapp processes, corresponding to higher exciton momentum states that become visible as they are folded onto zero momentum by the moiré superlattice. For MoSe2/MoS2, the MoSe2 A and B excitons lie hundreds of meV above the lowest momentumbright IX states, such that their hybridization is negligible, making the IX dark in our approximation. For large twist angles, the zero-momentum IX energies are raised toward the intralayer exciton energies, becoming semi-bright and eventually producing hX states.
out-of-plane electric fields, due to their large IX components, and argue that vertical electrical bias can be used to tune the strength of mSL effects on excitons in TMD heterostructures.
For this purpose, in Sec. II, we introduce a general interlayer hybridization model for twisted TMD heterobilayers, parameterized using currently available ab initio parameters of monolayer TMDs (Table III) . In Sec. III, we derive an effective low-energy Hamiltonian that incorporates moiré superlattice effects in terms of harmonic potentials specific to each of the monolayer bands 24,30-32 , which we find are applicable to TMD heterostructures with large band-edge offsets, such as MoSe 2 /MoS 2 bilayers. We discuss the shortcomings of this harmonic potential approach, and show that it breaks down in the case of resonant hybridization. In Sec. IV, we study the opposite limit of perfect interlayer band-edge degeneracy in TMD homobilayers, and present results for their band structure features, such as the nature of the conduction-band edges and the appearance of van Hove singularities in the conduction bands. In Sec. V, we discuss two cases of TMD heterobilayers with nearly resonant band edges, namely, MoTe 2 /MoSe 2 and MoSe 2 /WS 2 , and show that they constitute an intermediate case between typical TMD hetero-and homobilayers, which are exactly in the resonant hybridization regime. In Sec. VI, we study the effects of strong interlayer hybridization on the band structures of excitons in such heterostructures based on reported experimental values for the intralayer and interlayer exciton energies, and present theoretical predictions for the full optical spectra MoTe 2 /MoSe 2 , MoSe 2 /WS 2 , MoSe 2 /MoS 2 and WSe 2 /MoS 2 as functions of the interlayer alignment angle θ, and electric field strength.
II. MODEL
We describe electronic states in a TMD heterobilayer in terms of the monolayer conduction-and valence-band k · p theory near the band edges of its two constituent layers. The band edges of the bottom MX 2 layer, to which the highest valence band belongs, are located at the τ K valleys of its Brillouin zone, BZ (τ = ±1). We set K = (4π/a MX2 )x, according to the lattice vectors
, where a MX2 is the corresponding lattice constant. Similarly, for the top layer, M X 2 , containing the lowest conduction band, the band edges appear at the valleys τ K of the Brillouin zone BZ . Because of the lattice mismatch,
and the relative twist angle θ between the two crystals ( Fig. 1, bottom) , the valley momenta are related by K = (1 + δ) −1 R θ K, where R θ represents counterclockwise rotation by an angle θ about the z-axis. Henceforth, M X 2 -layer variables are identified with a prime, and heterobilayers are labeled as MX 2 /M X 2 . We will discuss two inequivalent stacking types: parallel (P) stacking, for twist angles |θ| < 30
• ; and anti-parallel (AP) stacking, for |θ−60
• | < 30
• . The two configurations are shown in Figs. 1 and 3 , and any twist angle outside the range 0
• ≤ θ ≤ 60
• is related to one of these two stacking types by 120
• rotations or mirror reflection. 34 . Locally, the exact heterostructure stacking is determined by θ, δ, and a unit-cell vector r 0 , representing the shortest in-plane shift between transition metal atoms of the two layers, as illustrated in Fig. 1 . For small twist angle and/or lattice mismatch, a superlattice structure emerges, known as a moiré pattern 16, 23 , where the stacking determined by r 0 , set to relate positions of M and M atoms, is approximately preserved locally at the origin, and periodically along the heterostructure's surface, as shown in Fig. 3 . Moreover, the interlayer registry varies inside the superlattice unit cell, producing two additional regions of approximately commensurate stacking, corresponding to local values of r 0 different than that at the origin. As an example, Fig. 3 shows the case of r 0 = 0, where the sequence of locally commensurate regions in the moiré unit cell is AA, BA and AB for P stacking; and 2H, AA' and BB' for AP stacking 35, 36 , contrasting the two stacking types. The local r 0 values for these commensurate stacking types are shown in Table I .
The heterobilayer Hamiltonian has the general form ] and
], where a0 is the lattice constant.
r0 P-stacking AP-stacking 0 AA AA
Moiré patterns formed by parallel (P) and anti-parallel (AP) aligned TMD bilayers. Top-and bottom-layer metal atoms are shown in blue and gray, with corresponding chalcogens shown in red and orange. For each stacking type, the interlayer conduction-and valence-band alignment and spin ordering near the MX2 layer τ = +1 valley is shown for M = Mo and M = W. The moiré unit cell is indicated by the black rhombus, and the encircled areas correspond to regions of the heterobilayer with local registry between the two lattices. For parallel alignment, these local registries correspond to AA, BA and AB stacking, analogous to the case of bilayer graphene. By contrast, for anti-parallel alignment we find regions with local 2H, AA' and BB' stacking, as shown in the insets.
where H t is the tunneling Hamiltonian, N and N are the numbers of unit cells in the MX 2 and M'X' 2 layers, and ϕ α,r is a Wannier function centered at atomic site r. In the two-center approximation, the atomic matrix element ϕ α ,R |H t | ϕ α,R can be Fourier transformed as
which after substitution into (5) gives H t in the form
with interlayer hopping terms
Here, G and G are the reciprocal lattice vectors of the MX 2 and M X 2 layers, respectively, and τ K − τ K gives the interlayer valley mismatch. As described in Ref. 40 , the interlayer tunneling functions t c (q) and t v (q) are constrained, respectively, by the angular momentum quantum numbers z of the conduction and valence bands at the τ and τ valleys. Because the conduction-band states near the K valleys are formed by in-plane-isotropic ϕ c = d z 2 orbitals 37 , for both valleys we have z = 0. By contrast, the valence-band states at the τ valley consist of ϕ v = (d x 2 −y 2 + iτ d xy )/ √ 2 orbitals, with z = −τ . Therefore, under C 3 rotations we obtain
To a good approximation 40 , we can set
where C 3 . Thus, we may define
The approximation (10) truncates the sum in Eq. (8) to include only G = 0, and the two Bragg vectors (12) which connect the three equivalent K valleys. These reciprocal lattice vectors are shown with black arrows in the bottom panel of Fig. 1 . At this point, the stacking type (P or AP) must be specified to determine which M X 2 -layer Bragg vectors give the dominant interlayer hopping terms. For closely aligned P-stacked structures, the Kronecker delta in Eq. (8) couples states near the band edges only if τ = τ , and for M X 2 -layer Bragg vectors (red arrows in Fig. 1 , bottom)
One can verify that, for these specific Bragg vectors, the generalized umklapp condition in Eq. (8) 
∆K, where η ∈ {0, 1, 2}, and we have defined
Alternatively, for AP stacking, we must set τ = −τ , indicating that tunneling takes place between opposite K valleys of the electron and hole layers, which are closely aligned in reciprocal space for this range of twist angles. The relevant M X 2 -layer Bragg vectors in this case are
This leads to the simplified hopping terms
Equation (17) allows us to determine how the different locally commensurate regions shown in Fig. 3 contribute to interlayer carrier tunneling. Exactly at the valley (k = k = 0), and neglecting the lattice mismatch within each region (∆K = 0), we write )∆K, where n runs cyclically through {1, 2, 3} (Fig. 1, bottom) . Note that b 1 and b 2 can be interpreted as the primitive vectors of the reciprocal lattice dual to the real-space moiré pattern shown in Fig. 3 , and define the mini Brillouin zone (mBZ) presented in Fig. 1 . Defining the reciprocal vectors b mn = mb 1 + nb 2 , with m and n integers, the electron-and hole-layer dispersions can be folded into the mBZ to form a series of minibands with operators
which couple according to Eq. (17) to produce what we henceforth call a moiré band structure. Then, the nth conduction and valence moiré bands have operators given by the linear combinations of the folded band operators,
where τ = ±τ for P and AP stacking, respectively. In addition to the valley mismatch ∆K, the spin-dependent amplitudes A nτ s ij ( ) and B nτ s ij ( ) depend on the spin ordering of the monolayer bands. Fig. 3 shows that the detuning between the highest spin-polarized MX 2 valence band and the M'X' 2 valence band of the same spin increases dramatically (by hundreds of meV) from P to AP stacking, consequence of the large intralayer valenceband spin-orbit splittings (see Table III ). This leads to strong or weak interlayer valence-band mixing for P or AP stacking, respectively, leading to qualitatively different behaviors in the two stacking limits (see for example Figs. 7 and 8) . This is not the case for the spin-polarized conduction bands, for which the spin-orbit splittings are much weaker, of only tens of meV.
Having defined the hybridization model (2), in the following Sections we study two important limit cases for the interlayer band alignment. First, in Sec. III we look at MoSe 2 /MoS 2 as a typical example of type-II semiconducting TMD heterostructures, with large band offsets δ c , δ v 100 meV. Then, in Sec. IV, we study the opposite limit of δ c = δ v = 0, choosing bilayer MoSe 2 as a case study.
III. PERTURBATION THEORY FOR NON-RESONANT INTERLAYER HYBRIDIZATION AND HARMONIC POTENTIAL APPROXIMATION FOR MOIRÉ SUPERLATTICES
The importance of interlayer hybridization depends crucially on the ratio between the interlayer tunneling matrix elements t α and the band edge detunings δ α . When these ratios are small, one can treat H t perturbatively, in terms of the k-dependent energy corrections produced by the tunneling processes, which in real space form a periodic potential 45, 46 . This approach to describing the effects of a moiré superlattice on the electronic states has been used in Ref. 24 , and for excitons in Refs. 30-32, where the potential was estimated from ab initio calculations. In this section, we derive the tunneling contribution to this potential from the microscopic Hamiltonian (2), based on a perturbative treatment of the elementary excitations in the heterobilayer (conductionband electrons and valence-band holes). For clarity, the final result is presented in terms of the conduction-and valence-band dispersions.
We apply the unitary transformation U = e iS to the Hamiltonian (2), with S an anti-Hermitian operator. The resulting rotated HamiltonianH = UHU † is given to second order in S as
We eliminate H t to first order by choosing 47 i[S, H 0 ] = −H t , and keep only terms up to second order in S to get the effective modelH =H 0 + H m . The first term corresponds to Eq. (3), with the renormalized dispersions
whereas the second term gives (n = ±1, ±2, ±3)
H m represents scattering of electrons and holes by moiré vectors b n , produced by two sequential interlayer tunneling processes. 
This is the same type of harmonic potential, as used in Refs. 24, 30-32 for both carriers and excitons in TMD heterobilayers. Whereas in those cases the coefficients V n α were determined by fitting to the spatial variation of the heterostructure band gap, as determined by DFT calculations, in our analysis they are determined from a microscopic model. We point out, however, that our approach is based purely on interlayer tunneling, and neglects lattice relaxation in the regions of commensurate stacking.
Whether Eqs. (24) constitute a valid low-energy theory for carriers near the band edges in a heterostructure with twist angle θ depends on the band alignment. To illustrate this, we take the first term of Eq. (23) near the τ = 1 valley (k → 0), and note the divergence when
. As shown in Fig. 4 (b), this is due to a crossing of the two conduction bands, which can occur at or near the bottom of the higher-energy band for some values of ∆K(θ). The resulting strong interlayer mixing of electronic states near the higher band edge leads to the breakdown of perturbation theory. Turning to band c , the third term in Eq. (23) does not show a divergence, reflecting the fact that a higher parabolic band can never cross the bottom of a lower one. This, however, does not guarantee the validity of the harmonic-potential approximation. To make this statement precise, we define perturbative parameters
for each band, where τ and τ are determined by the twist angle, as discussed in Sec. II: τ = τ for P stacking, and τ = −τ for AP stacking. The effective potential (24) correctly describes low-energy carriers in valley τ of band α when P τ α 1, and interlayer band mixing is weak. This condition may not be met if the interlayer detunings δ c or δ v are small, as illustrated in Fig. 4(b) .
Using MoSe 2 /MoS 2 as an example, we take ab initio 26, 27 results for the monolayer band parameters (Table III). The perturbative parameters plotted in Fig.  5(a) as functions of the twist angle suggest that the harmonic-potential picture holds for angles |θ| < 5
• and |θ − 60
• | < 5
• . Although the small-twist-angle approximations leading to Eqs. (13) and (15) are not applicable for θ ∼ 30
• , Fig. 5(a) shows that all perturbative pa- • and APstacked MoSe2/MoS2 at θ = 59
• , respectively, obtained from direct diagonalization of both the full hybridization Hamiltonian and the effective harmonic-potential model. For the full Hamiltonian, spin-up (down) bands are shown with triangles (circles). Spin-up and -down minibands of the harmonicpotential model are shown with dashed and solid cyan lines, respectively. In each case, the band diagrams on the right indicate the spin ordering of the hybridizing bands. We use 42 tc = tv/2 = 26 meV; all other parameters are listed in Table  III. rameters are negligible for large twist angles, and interlayer tunneling effects can be neglected, as expected for strongly misaligned heterobilayers. Thus, our model can be applied safely for 0
• . We numerically diagonalized both the full hybridization Hamiltonian (2), and the harmonic-potential effective model (24) , using a large basis of moiré bands 48 . Dispersions with valley quantum number τ = 1 near the main conduction and valence band edges are shown in Figs. 5(b) and 5(c), for P-and AP-stacked configurations, respectively, along the mBZ path defined in Fig. 1 . Their τ = −1 counterparts can be obtained by time-reversal symmetry, and are not explicitly shown. The figures show quantitative agreement between the full Hamiltonian and the harmonic approximation near the band edges for MoSe 2 /MoS 2 . A shortcoming of the model (25) is visible in the valence bands, however, where the avoided crossings at ±κ are not captured by the harmonic approximation, and instead a Dirac cone appears. This crossing is not accidental, but exact; it appears for all material pairs (see , and can be understood as follows: the three lowest minibands, with indices (00), (01) and (0, −1), become degenerate at the ±κ-points, as sketched in Fig. 4(c) . Evaluating the corresponding coefficients, given by the second term of Eq. (23), we find that the three minibands couple through the C 3 -symmetric Hamiltonian
where
The resulting eigenvalues are ε + 2t, and a doubly degenerate level ε − t, responsible for the spurious level crossing. By comparison, the harmonic potentials proposed in Refs. 24, 30-32 give the simpler but less symmetric form
with eigenvalues ε + 2Re V and ε − Re V ± √ 3|Im V |, which allow a gap opening at κ.
IV. RESONANT INTERLAYER HYBRIDIZATION IN TWISTED TMD HOMOBILAYERS
Whereas the large band-edge offsets δ v and δ c guarantee the validity of the harmonic-potential model for most TMD heterobilayers, the opposite limit of δ v = δ c = 0 can be found in TMD (homo)bilayers. Fig. 6 shows that the perturbative parameters for twisted bilayer MoSe 2 are small only for strongly misaligned configurations (10 • < θ < 50 • ), whereas for close alignment or antialignment, interlayer hybridization cannot be treated as a perturbation.
We present the band structures of P-and AP-stacked bilayer MoSe 2 in Figs. 7 and 8, respectively. We point out that, in the case of homobilayers, a more symmetric mBZ can be defined by shifting our chosen mBZ (Fig.  1) by −∆K. This transforms γ → κ and κ → κ , up to a moiré Bragg vector, corresponding to the convention followed in, e.g., Refs. 48 and 49. Here, however, we will use the mBZ convention of Fig. 1 , for the sake of consistency. To show the degree of interlayer state mixing, we color-code the plot symbols in Figs. 7(a) and 8(a), 
for each moiré band, at every wave vector q ∈ mBZ. In Eq. (28), we have assumed, without loss of generality, that the M X 2 (MX 2 ) layer is at the top (bottom) of the heterostructure; e is the elementary charge, and d is the interlayer distance (see Table III ). The polarizations take values from −1/2 (blue) to 1/2 (red), in units of ed, for electron states fully localized in the MX 2 and M X 2 layer, respectively. These values correspond to the state's outof-plane electric dipole moment, measured with respect to the central plane of the stack.
Figs. 7(a) and 8(a) show weak polarization of the electronic states in several regions of mBZ, indicating an even spatial distribution in the out-of-plane direction between the two MoSe 2 layers, caused by the strong interlayer mixing. The highest valence states in the case of AP stacking are the exception, however, as seen in the bottom panel of Fig. 8(b) . This is because, as illustrated in the right panel of Fig. 6 , in AP-type bilayers the interlayer tunneling takes place between states of opposite valley quantum number (τ = −τ ), which due to spin-valley locking in the monolayers 50 , have opposite ordering of the spin-polarized bands. Therefore, bands of same spin quantum number in opposite layers are separated by a large spin-orbit splitting, typical of TMD valence bands Table III. (see Table III ), and hybridize only weakly.
For the lowest conduction bands, however, a modest spin-orbit coupling strength of order 10 meV allows for strong interlayer hybridization also in the case of AP stacking (Fig. 6, right) , producing stark qualitative differences between moiré band structures for P-and APMoSe 2 bilayers, seen in the top panels of Figs. 7(a) and 8(a). For P-type bilayers, the lowest conduction bands of a given valley τ have the same spin quantum number in both monolayers, and mix to form the moiré band edge shown in Fig. 7(a) . The miniband edge has two branches, located at mBZ points γ and κ, which belong to the same spin-polarized mixed miniband, and are separated only by a shallow saddle point, which produces a van Hove singularity close to the band edge, as shown in Fig. 7(b) . For AP-type bilayers, the two branches of the conduction-band edge belong to minibands of opposite spin quantum number, as shown in Fig. 8(a) . Note that above each band minimum at γ or κ, the opposite-spin miniband flattens significantly, producing the van Hove singularity shown in Fig. 8(b) .
V. INTERLAYER HYBRIDIZATION AND MOIRÉ SUPERLATTICE MINIBANDS FOR ELECTRONS IN
In this Section we discuss TMD heterobilayers in which the interlayer band alignment produces accidental nearresonant hybridization between either the conduction-or valence-band edges of the two constituting TMD layers. This situation has been predicted [26] [27] [28] for the conduction bands of MoSe 2 /WS 2 heterostructures, and recently confirmed by photoluminescence experiments 42 . Moreover, first principles estimates based on G 0 W 0 calculations 26 also point toward near-resonant conduction bands in MoTe 2 /MoSe 2 (see Table III and Fig. 10) . Similarly to the case of TMD homobilayers, for this class of heterostructures, the harmonic-potential approximation heterostructures. In both cases, the highest valence bands show weak interlayer mixing in close alignment and antialignment, and a perturbative treatment of interlayer hybridization is appropriate. By contrast, the lowest conduction bands mix resonantly in the moiré regime, and hybridization effects must be treated exactly.
breaks down precisely for closely aligned and anti-aligned configurations, where effects of the moiré superlattice are most prominent. This is shown by the perturbative parameters presented in Fig. 9 , which indicate that, for θ ≈ 0
• and 60
• , it is necessary to treat the interlayer tunneling term (7) exactly, due to near-resonant interlayer hybridization at the conduction-band edges.
A. P-stacked MoTe2/MoSe2 Fig. 10(a) sketches the atomic arrangement and interlayer band alignment of P-stacked twisted MoTe 2 /MoSe 2 .
The corresponding moiré conduction and valence miniband structures for θ = 1
• are presented in Fig. 11(a) , as obtained by direct diagonalization of the full Hamiltonian (2). All bands shown have valley quantum number τ = 1, and the τ = −1 bands can be obtained by a time reversal transformation. As expected from Fig. 10(a) , we find that P-MoTe 2 /MoSe 2 is an indirect-band-gap semiconductor, with the valence and conduction band edges located at the γ and κ points. However, note that, whereas the highest valence bands are well localized in the main hole layer, similarly to the case of MoSe 2 /MoS 2 [ Fig. 5(b) ], the lowest conduction bands show significant depolarization across the mBZ. This is due to the strong interlayer mixing caused by the relatively small detuning of 77 meV between hybridizing band edges, which distributes the miniband states between the two layers, similarly to the case of P-type TMD homobilayers [ Fig. 7(a) ]. Moreover, a comparison between the conduction-miniband density of states of P-MoTe 2 /MoSe 2 and of P-type bilayer MoSe 2 [Figs. 11(b) and 7(b)] shows important parallels between the two cases; in particular, the formation of two van Hove singularities above the band edge.
B. AP-stacked MoTe2/MoSe2 Fig. 10(b) shows the band alignment of AP-stacked MoTe 2 /MoSe 2 , where states near the MoTe 2 τ valley hybridize with those at the MoSe 2 τ = −τ valley, which have the opposite spin ordering in both the conduction and valence bands. The corresponding moiré miniband structure, for twist angle θ = 59
• , is shown in Fig. 12(a) , and the conduction-miniband density of states is presented in Fig. 12(b) . As in the case of P stacking, for AP stacking we find an indirect gap semiconductor, whose highest valence bands are largely confined to the MoTe 2 layer, whereas the conduction minibands show different degrees of interlayer mixing throughout the mBZ. The conduction-band alignment in this case is more closely related to AP TMD homobilayers (Fig. 8) , due to the opposite spin ordering of the bands, which somewhat diminishes resonant hybridization of the band edges. Similar qualitative features are apparent in the density of states [ Figs. 8(b) and 12(b) ], which show a single van Hove singularity near the band edge.
C. P-stacked MoSe2/WS2
MoSe 2 /WS 2 heterostructures are different from all the cases discussed so far, due to the presence of different transition metal atoms in the two TMD layers. In particular, tungsten-based TMDs are known 37 to display a negative spin-orbit coupling constant for the conduction band, as opposed to the positive one found in molybdenum-based TMDs (see Table III ). This results in opposite ordering of the spin-polarized conduction bands of MoSe 2 and WS 2 in a P-MoSe 2 /WS 2 heterostructure, as illustrated in Fig. 10(b) -an analogous situation to AP-type homobilayers. Fig. 13(a) shows the moiré band structure of PMoSe 2 /WS 2 at twist angle θ = 1
• , with the density of states corresponding to the conduction band shown in Fig. 13(b) . Notice the strong electric dipole moment imbalance between the spin-up and spin-down conduction bands, indicated by the symbol colors in Fig. 13(a) . This strong spin asymmetry is caused by the combination of opposite spin splittings of the monolayer conduction bands, and the small interlayer offset δ c = 60 meV, which produces almost perfect alignment between the (τ = 1) spin-down band edges (28 meV) and a much larger detuning of the spin-up bands (82 meV), as illustrated in Fig.  10(b) . This leads to different levels of interlayer mixing for the two spin-polarized minibands.
D. AP-stacked MoSe2/WS2
Finally, Fig. 14 shows the moiré band structure and conduction-miniband DOS for AP-type MoSe 2 /WS 2 at twist angle θ = 59
• , corresponding to the schematic shown in Fig. 10(a) . For this range of angles, where MoSe 2 τ valley states hybridize with WS 2 states of valley quantum number τ = −τ , both layers show the same spin ordering in the conduction bands, and the situation is qualitatively similar to the case of P-type homobilayers. Some similarities between the two cases can be found in Fig. 14 , such as the spin polarization of the bottom band across the mBZ, and a rough two-peak structure in the density of states near the conduction-band edge, reminiscent of the van Hove singularities shown in Fig.  7(b) .
E. Electrical control of moiré superlattice effects
The band structure calculations presented in Figs gates. The resulting potential gradient along the heterostructure's out-of-plane axis will lower the MX 2 (bottom) layer's c band while raising the M X 2 (top) layer's c band, such that a suitable value of V B can impose a degeneracy between the two minima at γ and κ.
Figs. 15(a) and 15(b) show the conduction miniband structures of P-type MoTe 2 /MoSe 2 and AP-type MoSe 2 /WS 2 , under the critical bias voltages V B that establish a band-edge degeneracy at the γ and κ points. In both cases, we find that the critical bias is twist-angle dependent, giving values of 83.5 mV for perfectly aligned P-MoTe 2 /MoSe 2 , and a lower value of 78 mV for twist angle θ = 5
• . Note that both of these values correspond to energies greater than the band offset of 70 meV, indicated in Fig. 10(a) . The same trend is found for AP-MoSe 2 /WS 2 , where the critical bias for perfect antialignment (θ = 60
• ) is 72 mV, compared to 67 mV for θ = 57
• , and to the 60 meV offset shown in Fig. 10(a) . The lowest conduction minibands shown in Fig. 15 bear striking resemblance to those of P-type TMD homobilayers (Fig. 7) , with two branches of the band edge at the γ and κ points belonging to the same spin-polarized band, and a van Hove singularity forming just above the band edge.
Similarly, Figs. 16(a) and 16(b) show the corresponding cases of critical interlayer bias for AP-MoTe 2 /MoSe 2 and P-MoSe 2 /WS 2 , both for perfect (anti) alignment and for a finite misalignment angle, showing also a weak twist-angle dependence of the critical bias voltage. The conduction minibands in these cases show direct correspondence to those of AP-type TMD homobilayers (Fig.  8) , with the γ-and κ-point branches of the band edge belonging to bands of opposite spin polarization, and a flattening of the second conduction miniband above each minimum that is particularly clear in P-MoSe 2 /WS 2 , as a result of the similar effective electron masses of the two layers (Table III) .
In the case of TMD homobilayers, the band-edge de-generacy at the γ and κ points is a direct consequence of the identical dispersions of the two layers, as well as the perfect band alignment in the case of P stacking. However, note that this is not the case for P-or APtype MoTe 2 /MoSe 2 and MoSe 2 /WS 2 , since the predicted critical V B are twist-angle dependent, and can, in fact, be larger than the actual offsets between the hybridizing bands. The reason behind this discrepancy is the asymmetry between the conduction-band dispersions of the two layers, parametrized by their different effective electron masses (Table III) . Thus, when these bands are folded into the mBZ, different miniband configurations are obtained at γ and κ, producing an asymmetry between the band minima at those points in the mBZ. heterostructures with different degrees of alignment. In both cases, VB is weakly twist-angle dependent. Spin-up (-down) bands are shown with triangles (circles). The two branches of the band edge belong to a single spin-polarized band, analogously to the case of P-type TMD homobilayers (Fig. 7) . (Fig. 8) .
VI. mSL MINIBANDS FOR RESONANTLY HYBRIDIZED INTRA-AND INTERLAYER EXCITONS
Much of the current interest in the properties of TMD systems stems from their outstanding monolayer optical properties [17] [18] [19] , produced by their direct band gap at the K points, and dominated by the formation of stronglybound 2D intralayer excitons (X). By contrast, in twisted TMD heterobilayers such as those discussed in Secs. III to V, the ground-state excitons are formed by electron and hole states confined to opposite layers, known as interlayer excitons (IXs) 14, 51, 57, 58 . The wave vector mismatch between the electron and hole band edges shown in, e.g., Fig. 5 , means that the center-of-mass momentum of low-energy IXs is finite, and energy-momentum conservation forbids radiative recombination, unless mediated by some compensating mechanism, such as phonon or impurity scattering. In other words, the lowest-energy IX is momentum-dark. Until recently 42 , Xs and IXs have been mostly discussed as independent objects; however, it is clear that the band hybridization effects predicted in Secs. IV and V must lead to mixing of IX and X states 59 . Indeed, as the (positive) binding energy ε IX of IXs is smaller than that of Xs, ε X , due to the additional out-of-plane distance between the electron and hole, the detuning between the lowest X and IX energies must be approximately δ c − (ε X − ε IX ), which improves the resonant condition. To show this, we estimate the binding energies of all possible species of X and IX for different TMD heterobilayers, by solving the two-body problem for electrons and holes using the finite elements method, considering the Keldysh-type 60 long-range intra-and interlayer interactions
derived in Ref. 56 . The results are presented in Table  IV . In Eq. (29), q represents momentum transfer; d is the interlayer distance; r * = 2πκ/ (r * = 2πκ / ) is the screening length of layer MX 2 (M X 2 ), with κ (κ ) the in-plane dielectric susceptibility, and is the average dielectric constant of the environment. The corresponding exciton Bohr radii were estimated as the RMS width of the numerically obtained lowest bound-state wave function, which is of s type. From Tables III and IV, we can see that the difference in binding energies of the intra-and interlayer excitons, ε X − ε IX , is comparable to δ c for materials with near-resonant band edges, such as MoTe 2 /MoSe 2 and MoSe 2 /WS 2 . This leads to enhanced hybridization between these Xs and IXs, as compared to electrons and holes, resulting in hybridized excitons (hXs) formed by resonantly mixed X and IX states. As we show below, similar resonant conditions can arise also for higher-energy intra-and interlayer excitons, such that signatures of hXs can appear all throughout the optical spectra of TMD heterobilayers. These strongly mixed states have a large intralayer component that allows them to recombine radiatively, making hXs semibright, whereas the out-of-plane electric dipole moment, inherited from their interlayer component, makes hXs sensitive to the electrostatic environment of the heterobilayer, through the Stark effect. Consider the X states of MX 2 and M X 2 , and all possible IX states of the MX 2 /M X 2 heterobilayer, given re-spectively by 61, 62 
In each case, the exciton center-of-mass momentum is represented by Q; X q , X q , Y q and Y q are the corresponding electron-hole relative motion wave functions in reciprocal space; |Ω is the neutral ground state of the heterobilayer in the absence of interactions; and S is the heterostructure's surface area. The Xs and IXs have parabolic dispersions given by
We will focus on intravalley X and X states, formed by electrons and holes that can recombine in the absence of intervalley scattering. For IX and IX , we consider only the set of low-energy states that can hybridize with intravalley X and X according to Eq. (17), such that we must set τ = ±τ for P or AP stacking, respectively. We further assume that no spin scattering mechanisms are present in the system, and excitons can recombine only if its constituting electron and hole have opposite spin quantum numbers. We call such excitons spin-bright, and in the opposite case, the exciton is called spin-dark. The eight spin-bright exciton species are represented schematically in Fig. 17 for the case of P-MoSe 2 /WS 2 , and the intralayer exciton states are labeled according to the usual nomenclature of A and B excitons. In principle, the exciton energies at zero momentum can be obtained from the ab initio band alignment parameters of Table III , together with the binding energies of Table IV , as
However, the former quantities depend directly on the intra-and interlayer band gaps, which may be underestimated by ab initio methods. Instead, we use experimental values available in the literature, presented in Table  V . These correspond to the A-and B-Xs of each layer, and the lowest-energy IX excitons of the heterostructure. In our present notation, these states are respectively (τ = +1) X ++ ↓↓ , X τ τ ↓↓ and IX τ + ↓↓ , where τ = ± for P and AP stacking.
We estimate the energies of the higher states IX τ +
↑↑ and IX
+τ ss by combining the experimental values of Table V with the ab initio spin-orbit splittings and conductionband-edge offsets of Table III, and the binding energies  of Table IV . This same strategy is followed for all IXs in the case of MoTe 2 /MoSe 2 , for which no experimental results are available at the moment, using the experimental monolayer X energies in Table VI . Similarly to carrier states, different intralayer and interlayer exciton species are mixed by the tunneling term H t in Eq. (2) . Using the simplified form (17), we obtain the matrix elements
with any other matrix elements between the relevant bright excitons being equal to zero. In Eq. (33), ∆K is chosen according to Eqs. (14) and (16), and we have defined
with X(r), X (r), Y (r) and Y (r) the real-space relative motion wave functions, given by the inverse Fourier transforms of X q , X q , Y q and Y q .
The expressions in (34) can be simplified by noting that, in each case, the difference of mass ratios appearing in the argument of the first exponential is much smaller than one for the heterostructures discussed (see Table  III ). Then, assuming two-dimensional s-states for the X and IX wave functions 54 , with corresponding Bohr radii a X , a X , a IX and a IX , yields the momentum-independent expressions
Analogously to Eq. (17), Eq. (33) defines a mBZ for excitons, where X and IX states with center-of-mass momenta separated by moiré Bragg vectors b mn mix. The resulting intralayer-interlayer hybridization model can be solved by direct diagonalization within the mBZ defined in Fig. 1 . • or 60
• . For those twist angle ranges, the lowest bright γ exciton is hX-A, formed by resonant hybridization of an IX with the A intralayer exciton, whereas for strong misalignment angles 10 • . Based on these results, we have evaluated the photoluminescence spectra of both heterostructures (Appendix A), which we present for different twist angles in Fig. 19 .
The latter Figure also shows the MoTe 2 /MoSe 2 and MoSe 2 /WS 2 absorption spectra for varying interlayer twist angle (Appendix B), which captures the full optical spectrum of the heterostructure. For both alignment cases, the lowest hX pair, labeled hX-A, is formed by resonant hybridization of an IX with the MX 2 intralayer A exciton (IX +± ↓↓ and X ++ ↓↓ , respectively), driven by interlayer electron hopping. The IX component of each hX-A state is formed by an electron and hole residing in different layers, and thus separated by a distance of approximately 6Å (Table III) and ultimately splitting them into pure Xs and IXs. This is shown in Figs. 21 and 22 , where we present the absorption spectra of P-and AP-type MoTe 2 /MoSe 2 and MoSe 2 /WS 2 , respectively, for fixed twist angle and varying field strength E z . In each case, the IX can be easily identified within the lower-energy multiplet of lines by its Stark shift, and direct correspondence with the reference, free IX line, shown in red. X-A, on the other hand, can be identified by its lack of a Stark shift, recovering its unperturbed value at large, negative E z (blue line).
The optical spectra of hXs are dominated by their large intralayer-exciton component, leading to identical optical selection rules as the monolayers 50 . This is in stark contrast to IXs in TMD heterostructures with nonresonant band edges, whose optical selection rules are determined by the local stacking 31, 32, 62 (see Fig. 3 ), and dominated by the weak interlayer tunneling matrix elements t cv and t vc , discussed in Sec. II. In addition to the case of MoSe 2 /MoS 2 , shown in Fig. 2, Fig. 20 shows the absorption spectra of WS 2 /MoS 2 and WSe 2 /MoSe 2 , where intra-and interlayer excitons are strongly off resonance, as reported in Table V . For WS 2 /MoS 2 , the lowest-energy interlayer exciton line (IX ±+ ↓↓ for P and AP stacking, respectively) is completely absent in our approximation (t vc = t cv = 0) due to negligible hybridization with the bright intralayer WS 2 -A and MoS 2 -A excitons. In WSe 2 /MoSe 2 , the lowest absorption peak visible corresponds to IX ±+ ↓↓ , which in our approximation gains oscillator strength only for large twist angles as it approaches the energy of the MoSe 2 -A exciton, even showing an avoided crossing at photon energies between 1.5 and 1.6 eV for θ ≈ 8
• . Note that, due to the ordering of the intralayer exciton energies in these heterobilayers, this avoided crossing is produced by interlayer hole tunneling, as opposed to electron tunneling, discussed below in the context of MoSe 2 /WS 2 and MoTe 2 /MoSe 2 heterostructures. Surprisingly, the intralayer exciton lines of perfectly aligned P-and AP-stacked WS 2 /MoS 2 and WSe 2 /MoSe 2 display intricate fine structures, corresponding to higher intralayer exciton minibands, which should be discernible at low temperatures, and appear as anomalous broadening of the intralayer exciton lines in high-temperature experiments.
FIG. 20.
Absorption spectra of WS2/MoS2 (top) and WSe2/MoSe2 (bottom). For reference, blue and red curves show the energies of different intra-and interlayer excitons, respectively, in the limit of tc = tv = 0. Whereas for PWSe2/MoSe2 a faint IX ++ ↓↓ line is visible at low energies, labeled IX, the corresponding line is absent in P-WS2/MoS2 due to its larger detuning with the MoS2-A exciton. For both material pairs, the intralayer exciton lines display complex fine structures close to perfect alignment and anti-alignment, coming from moiré exciton minibands that mix strongly with the main A or B exciton.
B. hX formed by IX hybridization with the intralayer B exciton
In addition to the sharp hX energy modulation shown in Figs. 18(c) and 18(d) , the higher-energy features in the absorption spectra also reflect the formation of a secondary pair of hXs for P stacking, and two secondary pairs of hXs for AP stacking. In the former case, the pair of lines labeled hX-B originates as the MX 2 intralayer B exciton (X ++ ↑↑ ) hybridizes resonantly with IX ++ ↑↑ , through interlayer electron tunneling. This type of mixing also occurs in the latter case of AP stacking, producing the pair of lines labeled hX-B' in Fig. 19 . Surprisingly, an • −θ ≈ 8 • , giving rise to a third pair of hXs, labeled hX-C. By contrast to all previously discussed cases, hX-C are produced by interlayer tunneling of holes, as sketched in the right panels of Fig. 19 . This type of mixing is possible only for AP stacking in both MoTe 2 /MoSe 2 and MoSe 2 /WS 2 , where the top valence band of the MX 2 layer and that of the M X 2 have opposite spin quantum numbers. The smooth twistangle crossover from hX-B to hX-C produces a clear absorption line that shifts with increased misalignment by a remarkable 200 meV. This is enabled by the large interlayer hole tunneling matrix element |t v | > |t c |, which gives strong mixing between the M X 2 A exciton and IX −+ ↑↑ even at θ ≈ 60
• , where the detuning between these two exciton states is relatively large. Figs. 21 and 22 show that sufficiently large, positive electric fields bring down the higher-energy IX +± ss states, due to their positive electric dipole moments (see Fig. 17 ), allowing them to also hybridize with the M X 2 B exciton to produce the complex absorption signatures appearing in the top-right corner of each panel. C. hX fine structure due to mSL-induced umklapp electron-photon interaction Perhaps, the most important features appearing in Fig.  19 are the additional absorption lines indicated by white arrows, which accompany the hX-A and hX-B signatures for θ ≈ 0
• or 60 • , especially pronounced for MoSe 2 /WS 2 . These lines originate from the minibands obtained by the first folding of the A or B intralayer exciton dispersion into the mBZ, to the new γ point. These states become optically active due to umklapp photon absorption processes, in which a mSL Bragg vector is transferred to the crystal, thus making exciton states with finite momenta b 0,±1 , b ±1,0 and b ±1,±1 bright. This is depicted in the right panels of Fig. 19 . The presence of these lines can provide direct evidence of moiré superlattice effects. We have verified that, for aligned MoTe 2 /MoSe 2 and MoSe 2 /WS 2 heterostructures, the three-peak spectra produced by the two main hX lines and the third umklapp line are robust to variation of the main theoretical parameters considered (the interlayer electron hopping energy t c , and the conduction-band masses of the two TMD layers), and should thus be visible in real samples with different preparation methods, and under different conditions. This is shown in Figures 24 and 25 of   FIG. 23 . Reflectivity spectra, typically measured in optics experiments, of MoTe2/MoSe2 and MoSe2/WS2 for various twist angles near perfect alignment and anti-alignment. The absorption peaks predicted in Fig. 19 translate into double features, where the exciton energy can be read as the point of maximum negative derivative between the peak and the trough.
Appendix C.
Figs. 21 and 22 show that the umklapp photon absorption lines disappear below some negative electric field value, but remain bright for E z > 0, and can be identified with the purple reference lines corresponding to the energy of the first folded A or B γ-exciton, up to an overall red shift due to interaction with higher-energy IX minibands. The splitting of this triad formed by the two hX-A or -B lines and the first A or B umklapp photon absorption line, into a pair of lines that do not undergo a Stark shift, plus one that does, can serve to identify both the hybridized exciton physics and the moiré superlattice effects in an experimental setting. As a final remark, we note that the optical spectra of TMD heterostructures are normally measured through their reflectivity, rather than absorption properties. Figure 23 shows our prediction for the reflectivity spectra of MoTe 2 /MoSe 2 and MoSe 2 /WS 2 , obtained from our absorption calculations via a Kramers-Kronig relation 71 .
VII. CONCLUSIONS
We have studied the interplay between band alignment and the presence of emergent moiré superlattices (mSL) in twisted heterobilayers of transition-metal dichalcogenides (TMDs). Starting from a microscopic interlayer tunneling Hamiltonian, we have derived effective harmonic-potentials based on perturbation theory, to describe the effects of moiré patterns on the electron and hole bands of TMD heterostructures with large interlayer offsets between carrier band edges. We have shown that this approach fails in TMD homobilayers, and in het-erostructures such as MoSe 2 /WS 2 and MoTe 2 /MoSe 2 , where bands of the two constituent monolayers hybridize resonantly. Our results show that the influence of higher moiré superlattice minibands for the low-energy electron band structure in these heterobilayers becomes increasingly important as the interlayer band-edges offset is reduced; in other words, that resonant interlayer hybridization amplifies the moiré superlattice effects on the electronic structure. By treating hybridization effects exactly, we have predicted the appearance of van Hove singularities near the conduction miniband edges in these materials close to perfect alignment, of potential interest for the study of strongly correlated electron physics in TMDs.
We have also developed a general description of lowenergy excitons in TMD heterobilayers, and found that the small interlayer conduction-band-edge detunings in MoSe 2 /WS 2 and MoTe 2 /MoSe 2 result in nearly degenerate intralayer and interlayer exciton states, with the resonant condition further enhanced by the difference in binding energies of these two exciton species. This gives rise to hybridized excitons (hXs), which inherit the brightness of intralayer excitons and the polar nature of interlayer excitons. Presently, our model neglects the effects of periodic strain that may develop in each layer of the heterostructure, and which can affect the energies of the band edges. Such effects may be most important for the best lattice-matched and highly aligned structures (e.g., WSe 2 /MoSe 2 and WSe 2 /WS 2 ), as well as homobilayers, and should be added on top of the hybridization effects studied here. Using experimental values for the exciton energies reported in the literature on TMD heterobilayers, we have evaluated the full optical spectra of MoSe 2 /WS 2 and MoTe 2 /MoSe 2 heterostructures, and made predictions for explicit signatures of strong intralayer-interlayer exciton hybridization, and of the presence of the moiré superlattice. Hence, we predict that mSL-modified hXs should be ubiquitous to TMD heterostructures, and dominate the low-energy spectrum of closely aligned TMD heterobilayers with near resonant band edges, in agreement with recent experimental developments 42 .
number within the light cone, finally giving are given in Table  III. oretical model: the interlayer electron tunneling energy t c and the conduction-and valence-band masses m c and m v . The latter two parameters affect the intra-and interlayer exciton masses and Bohr radii, such that the intralayer-interlayer exciton mixing energies of Eq. (35) are modified by all three parameters. Therefore, for each combination of m c and m v , we evaluated the relevant exciton Bohr radii using the finite elements method discussed in Sec. VI. Figs. 24 and 25 show the variation of the three main hX absorption peaks discussed in the main text with varying t c , m c and m v within 50% of their reference values. The weak dependence found for both material pairs indicates that the three-peak structure should appear for samples of different qualities, and prepared by different methods, where all three parameters may vary. are given in Table III. 
